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We investigate the gravitational waves and their properties in various modified teleparallel the-
ories, such as f(T ), f(T,B) and f(T, TG) gravities. We perform the perturbation analysis both
around a Minkowski background, as well as in the case where a cosmological constant is present,
and for clarity we use both the metric and tetrad language. For f(T ) gravity we verify the result that
no further polarization modes comparing to general relativity are present at first-order perturbation
level, and we show that in order to see extra modes one should look at third-order perturbations.
For non-trivial f(T, B) gravity, by examining the geodesic deviation equations, we show that extra
polarization models, namely the longitudinal and breathing modes, do appear at first-order pertur-
bation level, and the reason for this behavior is the fact that although the first-order perturbation
does not have any effect on T , it does affect the boundary term B. Finally, for f(T, TG) gravity we
show that at first-order perturbations the gravitational waves exhibit the same behavior to those of
f(T ) gravity. Since different modified teleparallel theories exhibit different gravitational wave prop-
erties, the advancing gravitational-wave astronomy would help to alleviate the degeneracy not only
between curvature and torsional modified gravity but also between different subclasses of modified
teleparallel gravities.
PACS numbers: 98.80.-k, 04.50.Kd, 04.30.w
I. INTRODUCTION
The discovery of the late-time accelerating expansion
of the Universe and the study of galactic rotation curves
has generated a lot of interest and investigation, par-
ticularly in the direction of dark energy and dark mat-
ter [1–3]. Additionally, it has led to investigations into
gravitational theories beyond general relativity (GR),
with the most studied cases being modifications of the
Einstein-Hilbert action, which is constructed from the
Ricci scalar R. Amongst others one may have f(R) grav-
ity [4, 5], theories with inclusion of other scalar invari-
ants (for instance, f(R,G) gravity where G is the Gauss-
Bonnet term [6, 7], and more generally Lovelock gravity
[8, 9]), theories with non-minimal curvature-matter cou-
plings (e.g. f(R, T ) gravity, where T is the trace of the
stress-energy tensor [10–12]), or more radical modifica-
tions such as massive gravity [13], Horˇava-Lifshitz [14],
etc. The goal of all these endeavors is to consistently ex-
plain the aforementioned observational phenomena while
also retaining GR as a particular limit [15].
Recently, there has been a significant rise in interest
in a specific class of theories originally investigated by
Einstein and Cartan. By considering gravitation to be
described by torsion rather than curvature, gravitation
can retain many of the features present in the original
GR formalism [16, 17]. This is most commonly referred
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to as teleparallel gravity. Furthermore, the fundamen-
tal dynamical quantity of the theory is not the metric
tensor but the more subtle, so called, tetrad field. In
the simplest form of these theories the Lagrangian is just
the torsion scalar T , constructed by contractions of the
torsion tensor, and variation with respect to the tetrad
gives rise to exactly the same equations with GR, that
is why this theory was name Teleparallel Equivalent of
General Relativity (TEGR) [18–21]. The source of the
above equivalence is a boundary quantity, B, which re-
lates the two Lagrangians, namely the Ricci scalar of GR
and the torsion scalar of TEGR:
R = −T +B, (1)
where R is calculated with the regular Levi-Civita con-
nection while T is calculated with the Weitzenbo¨ck con-
nection.
Inspired by the gravitational modifications that are
based on the curvature formulation of gravity, one can
construct modified gravity theories starting from TEGR.
The simplest such modified teleparallel theory is the f(T )
gravity, in which one generalizes T to a function f(T ) in
the Lagrangian [22, 23] (see [24] for a review). One can
immediately see that due to relation (1) and in particular
to the boundary term, f(T ) gravity is not equivalent to
f(R) gravity, and thus it is a novel gravitational modifi-
cation. Additionally, the advantage of this theory is that
the equations of motion are of second order, in contrast
to the fourth-order equations of f(R) gravity. These fea-
tures led to many investigations in various fields of cos-
mology in this theory [25–33]. Furthermore, one may
proceed in constructing other modifications and exten-
sions of teleparallel theories, such as the f(T, TG) gravity,
2where TG is the teleparallel equivalent of G [34–36], the
f(T, T ) gravity, where T is the trace of the stress-energy
tensor [37, 38], or torsional gravities with higher-order
derivatives [39]. Finally, one interesting class of torsional
gravitational modification is the f(T,B) gravity, in which
one allows for the use of the boundary term B in the La-
grangian [40–42].
On the other hand, gravitational wave (GW) observa-
tions have confirmed not only the existence of gravita-
tional waves as the mediator of gravitational information
[43], but have also set bounds on the polarization modes
of these waves from known sources [44], as well as on their
speed, which is equal to the light speed with great accu-
racy [45–49] . These observations are very important for
alternative theories of gravity, since in general one can
obtain extra polarization modes or variant speed. Al-
though there have been some works investigating grav-
itational waves in f(T ) gravity [50–52], the systematic
study of gravitational waves in modified teleparallel grav-
ities has not been performed.
In this work we are interested in looking at f(T ),
f(T,B) and f(T, TG) gravities in the realm of gravi-
tational waves through detailed perturbations analysis.
Our goal is to determine whether various teleparallel
gravities predict extra modes, and to investigate the
strength of these modes in the scales where they arise.
Although in GR there are two GW polarizations, namely
the plus and cross polarizations, alternative and extended
theories might yield more modes (as for instance in f(R)
gravity [53]). As we will show, although in the case
of f(T ) gravity the polarization models are identical to
those of GR [50], this is not the case when an arbi-
trary boundary contribution is included, as for instance
in f(T,B) gravity.
The paper is organized as follows. In Section II we
briefly review teleparallel gravity and its various modi-
fications. In Section III we perform an analysis of the
gravitational waves in the case of f(T ) gravity, both in
the metric and tetrad language, and for both zero and
non-zero spin connection. In Section IV we investigate
the gravitational waves in the case of f(T,B) gravity,
both around a Minkowski background, case which is ob-
tained in the absence of a cosmological constant, but also
in the case where the presence of a cosmological constant
changes the background around which the perturbations
are realized. In Section V we examine the gravitational
waves in f(T, TG). Finally, the work closes with a dis-
cussion and conclusion of results in section VI.
II. MODIFIED TELEPARALLEL THEORIES OF
GRAVITY
In teleparallel theories of gravity the fundamental dy-
namical variable is the tetrad (or vierbein) eaµ, which
relates the standard coordinate frame ∂µ ≡ ∂∂xµ with
an orthonormal and non-coordinate frame (e-frame). In
general, non-coordinate frames are anholonomic, a prop-
erty that is attributed to the existence of non-inertial ef-
fects. The metric tensor gµν can be related to the tetrad
through the Minkowski metric ηab by
gµν = ηabe
a
µe
b
ν , (2)
where the point dependence is suppressed for brevity. In
the whole manuscript Greek indices refer to the space-
time coordinates, while Latin indices refer to the tangent-
space ones. The inverse tetrad is denoted by E µa for
transparency, and one can show that
eaµE
ν
a = δ
ν
µ, e
a
µE
µ
b = δ
a
b . (3)
The connection used in the teleparallel theories of gravity
is defined as a connection that has vanishing curvature.
This connection is the so called Weitzenbo¨ck connection
and the fact that it is torsionful makes the connection
coefficients non-symmetric in the lower indices in con-
trast with the Levi-Civita connection where the indices
are symmetric. The tetrad enables us to relate to each
Lorentz spin connection ωabµ the Weitzenbo¨ck connection
via [54]
Γ̂ρνµ ≡ E ρa ∂µeaν + E ρa ωabµebν . (4)
The spin connection ωabµ does not represent any addi-
tional gravitational degrees of freedom. If one switches
over to the e-frame and applies the Weitzenbock covari-
ant derivative to the basis vectors of the e-frame, assum-
ing the so called Weitzenbock condition where ωabµ = 0
then the result will be zero. This phenomenon is called
complete frame induced parallelism and in the physics
literature is frequently called Teleparallelism or absolute
parallelism [21]. The Riemann and Ricci tensors cal-
culated with the Weitzenbo¨ck connection are identically
zero, while the torsion tensor writes as
T aµν ≡ Γ̂aνµ − Γ̂aµν = ∂µeaν − ∂νeaµ + ωabµebν − ωabνebµ.
(5)
Moreover, one can define the superpotential tensor as
S µνa ≡
1
2
(
Kµνa + e
µ
a T
αν
α − e νa Tαµα
)
, (6)
where Kµνa is the contorsion tensor identified as
Kµνa ≡
1
2
(
T µνa + T
νµ
a − T µνa
)
, (7)
which represents the difference between the Levi-Civita
connection and the Weitzenbo¨ck connection. The La-
grangian of TEGR is the torsion scalar T , constructed
by contractions of the torsion tensor, namely [54]
T ≡ S µνa T aµν =
1
4
T ρµνTρµν +
1
2
T ρµνTνµρ − T ρρµ T νµν .
(8)
Therefore, the action of TEGR reads
S =
1
16πG
∫
d4x e T +
∫
d4x e Lm, (9)
3where e = det
(
eaµ
)
=
√−g, with g being the determi-
nant of the metric tensor, and where Lm is the matter
Lagrangian and G the Newton’s constant.
As we mentioned in the introduction, one can show
that the Ricci scalar calculated with the Levi-Civita
connection, and the torsion scalar calculated with the
Weitzenbo¨ck connection, are related through
R = −T − 2∇µT νµν , (10)
and thus we can identify the boundary term B ≡
−2∇µT νµν . Hence, one can immediately see that GR and
TEGR will lead to exactly the same equations. However,
this will not be the case if one uses f(R) and f(T ) as the
Lagrangian of the theory, which therefore correspond to
different gravitational modifications.
A general class of modified teleparallel gravity would
thus be composed by an arbitrary function of T and B,
leading to f(T,B) gravity [40], characterized by the ac-
tion
S =
1
16πG
∫
d4x e f(T,B) +
∫
d4x e Lm. (11)
By varying the action with respect to the vierbein we
obtain the following field equations
E µa fB − E νa ∇µ∇νfB +
1
2
BfBE
µ
a
+ 2∂ν (fB + fT )S
νµ
a + 2e
−1∂ν (eS
νµ
a ) fT
− 2fTTανaS µνα −
1
2
E µa f = 8πGΘ
µ
a , (12)
where Θ µa is the stress-energy tensor, which in terms of
the matter Lagrangian is given by Θ µa = −δLm/δeaµ.
In the above equation we have defined that fT ≡ ∂f/∂T
and fB ≡ ∂f/∂B. Note that the derived equations are
given for the zero spin connection case. Additionally, in
terms of spacetime indices the equations of motion can
take the form
− fTGµν + (gµν−∇µ∇ν) fB
+
1
2
gµν (fBB + fTT − f)
+ 2Sν
α
µ∂α (fT + fB) = 8πGΘµν , (13)
where Gµν ≡ Rµν − 1
2
gµνR is the Einstein tensor calcu-
lated with the Levi-Civita connection.
Before closing this section let us make some comments
on the spin connection ωabµ that is present in the defini-
tion (4). In the traditional works of TEGR one usually
sets it to zero for convenience, by choosing a suitable
frame (specifically autoparallel orthonormal frame) [54].
Although this does not have any effect for TEGR, in
the case of f(T ) gravity such a preferred frame choice
should be used carefully. In particular, one is allowed
to make such a choice in order to find cosmological solu-
tions, however one has to have in mind that in investiga-
tions which include questions on Lorentz transformations
such a formulation is in general inadequate. In this case
one should formulate f(T ) gravity in a fully covariant
way, keeping a general non-zero spin connection [55]. In
this way the theory becomes completely consistent with
Lorentz invariance, nevertheless at the price of increased
complication. In the largest part of this manuscript we
will consider the zero spin connection case (which is a
safe choice for cosmological applications), especially for
the general f(T,B) and f(T, TG) theories, however in
the simpler f(T ) theory, for completeness, we will also
discuss the non-zero spin connection case.
III. GRAVITATIONAL WAVES IN f(T )
GRAVITY
Let us now start with the investigation of the gravita-
tional waves in the case of the simplest modification to
teleparallel gravity, namely f(T ) gravity. We first per-
form the analysis for first order perturbations at a tetrad
level, and then we proceed to higher-order examination
in order to understand more transparently the potential
deviations from GR.
A. Tetrad Solutions for GWs in f(T ) gravity
We start by considering the tetrad form of the field
equations (13) in the case of f(T ) gravity, namely
e−1fT∂ν (eS
µν
a ) + fTTS
µν
a ∂νT
− fTT bνaS νµb +
1
4
f(T )eaµ = 0, (14)
where as before we neglect the matter sector. We con-
sider a tetrad perturbation of the form
eaµ = γ
(0)a
µ + γ
(1)a
µ +O
(
γ(2)aµ
)
, (15)
where |γ(i)aµ | << 1 except for the zeroth order contribu-
tion, and each successive order is much smaller than the
preceding order, i.e. |γ(2)aµ | << |γ(1)aµ |. This last com-
ment applies throughout to every successive order quan-
tity. Throughout the work, superscripts with parenthesis
will represent the perturbative order of the quantity be-
ing presented. As usual, from (2) we obtain for the zeroth
order perturbation:
ηµν = ηabγ
(0)a
µ γ
(0)b
ν . (16)
Thus, the torsion tensor (5), assuming for the moment
zero spin connection, up to first order can be expressed
as
T aµν = ∂µγ
(0)a
ν − ∂νγ(0)aµ + ∂µγ(1)aν − ∂νγ(1)aµ . (17)
This gives an impression that an arbitrary choice of
γ
(0)a
ν will yield a zeroth order contribution. However,
4as discussed in Ref.[55], if the gravitational strength,
i.e. the gravitational constant, vanishes, one obtains the
Minkowski background, in which the torsion tensor van-
ishes. In this perturbation regime eaµ|G→0 = γ(0)aµ , since
this corresponds to the Minkowski background, while the
higher-order perturbations are due to gravitational ef-
fects. Therefore
T aµν |G→0 = ∂µγ(0)aν − ∂νγ(0)aµ = 0. (18)
Hence, as we mentioned above, the torsion tensor is
first-order, and so are the contorsion and superpotential,
which ultimately imply that the torsion scalar is second-
order at the level of perturbations. Finally, in order to
handle the f(T ) term we will consider the Taylor expan-
sion (59).
Inserting the above expressions into Eq. (14), order by
order leads to
γ(0)ρa f
(0) = 0, (19)
f
(0)
T e
−1(0)∂ν
(
e(0)S (1)µνa
)
+ γ(0)ρa
f (1)
4
+ γ(1)ρa
f (0)
4
= 0.
(20)
As mentioned above, the first condition implies that no
cosmological constant is present. We next identify that
e(0) = e−1(0) = 1, and we assume f (1) = 0, since T
is a second-order quantity and thus its function cannot
have first-order contributions. Lastly, we focus on the
non-trivial case f
(0)
T 6= 0. Under these considerations Eq.
(20) becomes
∂νS
(1)µν
a = 0. (21)
We note here that these intermediate steps are different
from the f(T ) GWs analysis carried out previously with
the Einstein tensor, since we now follow the tetrad lan-
guage. Moreover, notice that this equation appears in
TEGR too [58].
Let us proceed by extracting explicit solutions. We
first remark however that the above equation is not pos-
sible to solve in general. However, we can assume that
GR gauge conditions on the perturbed metric, namely
h
(1)
µν , can also be imposed here too, specifically that it is
traceless
h
(1)µ
µ
= 2ηµνηabγ
(0)a
µ γ
(1)b
ν = 0, (22)
and satisfies the Lorenz gauge condition
0 = ∂µh(1)µν = ∂bγ
(0)b
ν
+ ηab
[
γ(1)bν ∂
µγ(0)bν + γ
(1)a
µ ∂
µγ(0)aµ + γ
(1)a
µ ∂
µγ(0)bν
]
.
(23)
Together with the relation
γ(0)dν = η
cdηµνγ
(0)µ
c , (24)
and for simplicity we consider the case γ
(0)a
µ = δaµ, equa-
tion (21) can be solely expressed in terms of γ
(1)a
µ , namely
Aµd ≡ ηµαηdfγ(1)fα + δµaδρdγ(1)aρ = 0. (25)
This yields the following system of equations
A00 : γ
(1)0
0 = 0, (26)
A0i = −Ai0 : 
(
γ
(1)0
i − γ(1)i0
)
= 0, (27)
Aij (i 6= j) : 
(
γ
(1)j
i + γ
(1)i
j
)
= 0, (28)
Aim (i = m) : γ
(1)i
i = 0, (29)
where we have used the fact that ηµν = diag (−1, 1, 1, 1)
and i, j = {1, 2, 3}. Since we are working in the
Minkowski metric Cartesian coordinate system, the in-
dices {0, 1, 2, 3} correspond to {t, x, y, z} respectively.
Lastly, we can demand the extra gauge condition that the
waves are transverse, i.e. h
(1)
0µ = 0, which sets γ
(1)0
0 = 0
and γ
(1)i
0 = γ
(1)0
i . In summary, the full list of conditions
and equations are found to be
Traceless condition: γ
(1)i
i = 0, (30)
Lorenz gauge condition: ∂j
(
γ
(1)j
i + γ
(1)i
j
)
= 0, (31)
Aij (i 6= j) : 
(
γ
(1)j
i + γ
(1)i
j
)
= 0, (32)
Aim (i = m) : γ
(1)i
i = 0. (33)
Without loss of generality we make the choice that the
gravitational wave propagates in the z-direction, and as
usual we work in the Fourier space. The wave equations
then imply that
γ
(1)i
i = Ai
i exp(ikµx
µ),
i = {1, 2, 3} (fixed index), (34)
γ
(1)j
i + γ
(1)i
j = Bi
j exp(ipµx
µ),
i = {1, 2, 3}, i 6= j, (35)
where kµ and pµ are wave-vectors such that kµk
µ =
pµp
µ = 0, and where Ai
i and Bi
j are coefficients such
that A1
1 = −A22, A33 = 0 and B13 = B23 = 0. Note
that these conditions arise from the traceless and Lorenz
gauge conditions. Therefore, the undetermined coeffi-
cients are A1
1, B1
3, B2
3 and B1
2, which leads to the per-
turbed tetrad solution
γ(1)aµ =

0 γ
(1)1
0 γ
(1)2
0 γ
(1)3
0
γ
(1)1
0 γ
(1)1
1 γ
(1)2
1 γ
(1)3
1
γ
(1)2
0 B1
2 exp(ipµx
µ)− γ(1)21 −γ(1)11 γ(1)32
γ
(1)3
0 −γ(1)31 −γ(1)32 0
 .
(36)
5Here the γ
(1)j
i are undetermined tetrad components
which are not constrained by the equations. We men-
tion that the perturbed metric then takes the form
h(1)µν =

0 0 0 0
0 2γ
(1)1
1 B1
2 exp(ipµx
µ) 0
0 B1
2 exp(ipµx
µ) −2γ(1)11 0
0 0 0 0
 . (37)
Note that obtaining the perturbed tetrad is not a trivial
task in general, since amongst the infinite choices of per-
turbed tetrad ansatzes corresponding to the same per-
turbed metric, one should use the appropriate ones in
order to obtain consistency [25, 52, 59].
Observing the solution (37) we can easily identify
the standard + and × polarizations of GR by defin-
ing h+ ≡ 2γ(1)11 and h× ≡ B12 exp(ipµxµ). Therefore,
the perturbed tetrad has two physical degrees of free-
dom (h+ and h×) and six arbitrary degrees of freedom
related to Lorentz transformations. Hence, through the
explicit solutions we did verify the result obtained previ-
ously, namely that at first-order perturbation level there
are not any new polarization modes in f(T ) gravity. Fi-
nally, as we mentioned above, in order to examine the six
degrees of freedom related to Lorentz transformations it
is necessary to re-formulate the theory in a fully covariant
way, namely keeping an arbitrary spin connection ωabµ.
This is performed in the next subsection.
B. GWs in f(T ) gravity with non-zero spin
connection
For completeness and transparency, in this subsection
we perform the analysis of the previous subsection, but
in the case of a general spin connection, i.e. for the fully
covariant formulation of f(T ) gravity presented in [55].
We start by considering the tetrad perturbation (15),
however we insert it in the torsion tensor (5) maintaining
an arbitrary spin connection, obtaining up to first order:
T aµν = ∂µγ
(0)a
ν − ∂νγ(0)aµ + ωabµγ(0)bν − ωabνγ(0)bµ
+∂µγ
(1)a
ν − ∂νγ(1)aµ + ωabµγ(1)bν − ωabνγ(1)bµ . (38)
As discussed in [55], the purely inertial spin connection
can be found by demanding that the torsion tensor is zero
when the gravitational constant vanishes, namely G→ 0,
which yields the expression
ωabµ = Γ
a
bµ − E νb ∂µeaν |G→0, (39)
where Γabµ is the GR Levi-Civita connection. As before,
eaµ|G→0 = γ(0)aµ . Furthermore, gµν |G→0 = ηµν and hence
Γabµ|G→0 = 0. Therefore, the spin connection turns out
to be
ωabµ = −γ(0)νb ∂µγ(0)aν . (40)
Since the torsion tensor is zero when the gravitational
constant is zero, then
T aµν |G→0 = ∂µγ(0)aν −∂νγ(0)aµ +ωabµγ(0)bν −ωabνγ(0)bµ = 0.
(41)
Thus, the torsion tensor is first-order, and so are the con-
torsion and superpotential, which ultimately implies that
the torsion scalar is second-order at the level of pertur-
bations.
Before investigating the field equations we make the
following remark. The purely inertial spin connection is
given by
ωabµ = −Λ cb ∂µΛac, (42)
where Λ cd is a Lorentz matrix with inverse Λ
a
c. Thus,
under this formulation, we deduce that the zeroth-order
tetrad perturbations γ
(0)a
ν are precisely the Lorentz ma-
trices. This shall be considered in what follows.
The next step is to expand the field equations at a
perturbation level. In this case, the field equations for
f(T ) gravity with an arbitrary spin connection are given
by
e−1fT∂ν (eS
µν
a ) + fTTS
µν
a ∂νT − fTT bνaS νµb
+ fTω
b
aνS
νµ
b +
1
4
f(T )eaµ = 0, (43)
which under the Taylor expansion (59), expanding order
by order we obtain
γ(0)ρa f
(0) = 0, (44)
f
(0)
T
[
e−1(0)∂ν
(
e(0)S (1)µνa
)
+ ωbaνS
(1)νµ
b
]
+ γ(0)ρa
f (1)
4
+ γ(1)ρa
f (0)
4
= 0, (45)
which generalize (19),(20) in the case of non-zero spin
connection. As before, the first condition implies that no
cosmological constant is present. Moreover, we choose
e(0) = e−1(0) = 1, since det γ
(0)a
ν = detΛaν = 1, which is
a property of Lorentz matrices, and similarly to the zero
spin connection case we impose f (1) = 0 and we assume
f
(0)
T 6= 0. Hence, Eq. (45) becomes
∂νS
(1)µν
a + ω
b
aνS
(1)νµ
b = 0, (46)
which is the generalization of (21) in the case of non-zero
spin connection. Finally, using the definition of the spin
connection ωabµ = −γ(0)νb ∂µγ(0)aν , equation (46) can be
recast into the simpler form
γ(0)αa ∂ν
[
γ(0)bα S
(1)µν
b
]
= ∂νS
(1)µν
a + γ
(0)α
a ∂νγ
(0)b
α S
(1)µν
b = 0. (47)
Similar to the spin zero case, solving the above equa-
tion is not possible in general. However, we will again
assume that the GR gauge conditions on the perturbed
6metric being traceless and satisfies the Lorenz gauge con-
dition can also be imposed here too. Hence, together with
the relation
γ(0)dν = η
cdηµνγ
(0)µ
c , (48)
the equation of motion reduces to the following simplified
expression
ηµαηβργ
(0)β
d 
(
γ
(0)ρ
f γ
(1)f
α
)
− γ(0)βd ∂bγ(0)µc ∂cγ(1)bβ
+ γ
(0)β
d 
(
γ
(0)µ
b γ
(1)b
β
)
− γ(0)βd ∂νγ(1)cβ ∂µγ(0)νc
− ηµα∂bγ(0)βd ∂βγ(1)bα + ηµα∂dγ(0)βb ∂βγ(1)bα = 0, (49)
which can alternatively be expressed in terms of the spin
connection as
ηµαηdfγ
(1)f
α + γ
(0)β
d γ
(0)µ
b γ
(1)b
β + 2η
µαωdfν∂
νγ(0)fα
+ ηµαγ
(0)β
d γ
(1)f
α ∂νω
ν
βf − γ(0)βd ωµcb∂cγ(1)bβ
+ 2γ
(0)β
d ∂
αγ
(0)b
β ω
µ
bα + γ
(0)β
d γ
(1)b
β ∂αω
µ α
b
− γ(0)βd ∂νγ(1)cβ ων µc − ηµαωβdb∂βγ(1)bα
+ ηµαωβbd∂βγ
(1)b
α = 0. (50)
Finally, note that if we choose our frame of reference
to correspond to zero spin connection, then the above
equation reduces to
ηµαηdfγ
(1)f
α −γ(1)µd = 0, (51)
where we have used the fact that
γ
(1)ν
b = −γ(0)νa γ(1)aµ γ(0)µb , (52)
which arises from (3).
In general, as it was mentioned in [55], in the case of
non-zero spin connection it is hard even to extract the
background solutions. Hence we can see that obtain-
ing the perturbed solution seems very difficult, since the
background tetrad affects the perturbed solution. The
detailed examination of the perturbed solutions in the
case of f(T ) gravity with non-zero spin connection lies
beyond the scope of the present work.
We close this section by mentioning that the presented
methodology can be extended to more general torsional
modified gravitational theories, by defining appropriate
gauge conditions on the tetrad, especially to theories in
which the coordinate-indexed form of the field equations
results in mixing between the metric and tetrad tensors.
In this way, any information about the tetrad is not lost
within the metric tensor, since the appropriate field equa-
tions are solved.
C. Higher Order Metric Perturbations
In this subsection we proceed to the analysis of higher-
order perturbations, in order to understand more trans-
parently the potential deviations from general relativ-
ity. The standard approach is to consider perturbations
around a flat Minkowski background. This is achieved
by perturbing the metric tensor in the following manner
gµν = ηµν + h
(1)
µν + h
(2)
µν + h
(3)
µν +O
(
h(4)µν
)
, (53)
where |h(i)µν | << 1, which is retained up to third order
in this instance. Since the fundamental variable in the
torsional formulation is the tetrad, the above metric per-
turbation can be obtained by the tetrad perturbation
eaµ = δ
a
µ + γ
(1)a
µ + γ
(2)a
µ + γ
(3)a
µ +O
(
γ(4)aµ
)
, (54)
where |γ(i)aµ | << 1. We remark that, in general, the ze-
roth order part of the tetrad perturbation is determined
by the background metric, which in linearized gravity
is usually the Minkowski metric. Thus, in the current
case the zeroth order contribution to the tetrad pertur-
bation turns out to be represented by the identity ma-
trix, and that is why we introduced the Kronecker delta.
However, we mention that this does not affect the ob-
tained results, and the same conclusion is reached for
other backgrounds, too.
By the definition of the metric tensor gµν = ηabe
a
µe
b
ν ,
we can relate the metric and tetrad perturbations
through
h(1)µν = ηab
(
δaµγ
(1)b
ν + γ
(1)a
µ δ
b
ν
)
, (55)
h(2)µν = ηab
(
δaµγ
(2)b
ν + γ
(1)a
µ γ
(1)b
ν + γ
(2)a
µ δ
b
ν
)
, (56)
h(3)µν = ηab
(
δaµγ
(3)b
ν + γ
(1)a
µ γ
(2)b
ν + γ
(2)a
µ γ
(1)b
ν + γ
(3)a
µ δ
b
ν
)
.
(57)
Inserting these expressions into the definition of the tor-
sion tensor (5), and assuming for the moment zero spin
connection, we obtain
T aµν = ∂µγ
(1)a
ν − ∂νγ(1)aµ +O
(
γ(2)aµ
)
, (58)
from which we can see that the torsion tensor is at least
of first order, with the zeroth-order contribution equal to
zero. Consequently, from the definitions of the contorsion
and superpotential tensors, namely relations (7) and (6)
respectively, we deduce that they are both also at least of
first order since their zeroth order contributions are zero.
Thus, the torsion scalar T , which is quadratic in the tor-
sion tensor, becomes a second-order quantity. Finally, in
order to handle the f(T ) term, for simplicity we assume
that this function is Taylor expandable around T = 0,
namely
f(T ) = f(0) + fT (0)T +
1
2!
fTT (0)T
2 + · · · . (59)
Let us proceed by perturbing the equations of motion.
According to Eq. (13), in the case of f(T ) gravity the
field equations become
− fTGµν + 1
2
gµν (fTT − f) + 2Sναµ∂αfT = 0. (60)
7We mention that since we are interested in examining
the properties of the gravitational waves, for simplicity
we have neglected the contribution of the matter stress-
energy tensor, namely we neglect quadrupole moments
which arise from the stress-energy tensor.
Inserting the perturbed tetrad and metric in the field
equations (60), and under the Taylor expansion (59), or-
der by order we obtain
ηµνf(0) = 0, (61)
fT (0)G
(1)
µν = 0, (62)
fT (0)G
(2)
µν = 0, (63)
fT (0)G
(3)
µν + fTT (0)T
(2)G(1)µν − 2fTT (0)S(1)αν µ∂αT (2) = 0.
(64)
Considering only the non-trivial case fT (0) 6= 0 (other-
wise GR cannot be obtained at any limit) the perturbed
field equations simplify further to
ηµνf(0) = 0, (65)
G(1)µν = 0, (66)
G(2)µν = 0, (67)
G(3)µν = 2
fTT (0)
fT (0)
S(1)αν µ∂αT
(2). (68)
As we observe, the zeroth-order equation (65) implies
that no cosmological constant is present in the analysis,
which was expected since the considered perturbations
are around a Minkowski background and not around a
cosmological constant one. The first and second order
equations coincide with the standard GR perturbed equa-
tions in vacuum. However, the new information is that at
the third order equation (68) we find a deviation from the
standard GR perturbation equation, with a contribution
arising from the fTT term. Thus, the f(T ) effect on the
perturbation equations enters only at the higher than sec-
ond order, and the reason behind this is that the torsion
scalar is quadratic in the torsion tensor. This is a radical
difference with the case of curvature-based modified grav-
ity, where the effect of the modification becomes manifest
from first-order perturbation already. These features will
become more transparent in the next section, where we
study the case of f(T,B) gravity. Finally, note that in
the GR limit, i.e at fTT (0) = 0, we re-obtain the stan-
dard GR results.
In summary, as we showed, in order to see the effect of
f(T ) gravity on the gravitational waves themselves, one
should look at third-order perturbations (higher-order
contributions in curvature gravity have been examined
in literature, see e.g. [56, 57]). Note that this concerns
the effect on the “internal” properties of the gravita-
tional waves, as for instance in their polarization modes,
where it was known that no further polarization modes
are present in f(T ) gravity at first-order perturbation
levels [50, 51]. However, we stress that in general the
effect of f(T ) gravity on the cosmological gravitational
wave propagation can be seen straightaway from the dis-
persion relation at first order, due to the effect of f(T )
gravity on the cosmological background itself [52].
IV. GRAVITATIONAL WAVES IN f(T, B)
GRAVITY
In this section we will investigate the gravitational
waves in the case of f(T,B) gravity with action (11).
From now on we consider only the case of zero spin con-
nection, and we focus on the case f(T,B) 6= f(T ) since
f(T ) gravity was investigated in the previous section.
Furthermore, for convenience, we first study the grav-
itational waves around a Minkowski background, i.e in
the case where a cosmological constant is absent from
the f(T,B) form, and then we proceed to the general in-
vestigation of the case where a cosmological constant is
allowed
A. GWs in f(T,B) gravity in the absence of a
cosmological constant
We start with the perturbed metric around a
Minkowski background:
gµν = ηµν + h
(1)
µν +O
(
h(2)µν
)
, (69)
where |h(i)µν | << 1. This metric perturbation can be ob-
tained from the perturbed tetrad
eaµ = δ
a
µ + γ
(1)a
µ +O
(
γ(2)aµ
)
. (70)
Using relation gµν = ηabe
a
µe
b
ν we acquire
h(1)µν = ηab
(
δaµγ
(1)b
ν + γ
(1)a
µ δ
b
ν
)
, (71)
and thus for the perturbed torsion tensor we obtain
T aµν = ∂µγ
(1)a
ν − ∂νγ(1)aµ +O
(
γ(2)aµ
)
. (72)
As we mentioned earlier, the torsion tensor is at least
first order, and thus the torsion scalar T is of second or-
der in perturbations. This has a significant consequence,
namely that relation (1), specifically R = −T + B, at
first order becomes R(1) = B(1) (we remind that R is
calculated using the Levi-Civita connection whilst T and
B with the Weitzenbo¨ck connection). Indeed, the Ricci
scalar at first order is given to be
R(1) = ηµν∂ρ∂νh
(1)ρ
µ
−h(1), (73)
where indices are raised with respect to the Minkowski
metric, h(1) ≡ h(1)µ
µ
and  ≡ ∂µ∂µ. Expanding in terms
of tetrads yields
R(1) = 2δρb
(
ηµν∂ν∂ργ
(1)b
µ −γ(1)bρ
)
. (74)
8On the hand, expanding the boundary term at first order
yields
B(1) = −2 (∇µT νµν)(1) = −2ηµρ∂ρT (1)νµν
= 2δρb
(
ηµν∂ν∂ργ
(1)b
µ −γ(1)bρ
)
. (75)
Thus, we can immediately see that at this order it is
equal to the Ricci scalar.
In order to handle the f(T,B) term for simplicity we
assume that its form is Taylor expandable around the
current values T0 and B0, namely
f(T,B) =f(T0, B0) + fT (T0, B0)(T − T0)
+ fB(T0, B0)(B −B0)
+
1
2!
fTT (T0, B0)(T − T0)2
+
1
2!
fBB(T0, B0)(B −B0)2
+ fTB(T0, B0)(T − T0)(B −B0) + . . .
(76)
Furthermore, since we are only examining the properties
of the gravitational waves, we neglect the matter sector.
Inserting all the above into the field equations of
f(T,B) gravity, namely Eq. (13), order by order we ob-
tain
ηµνf(0, 0) = 0, (77)
−fT (0, 0)G(1)µν + fBB(0, 0) (ηµν− ∂µ∂ν)R(1) = 0, (78)
where we have used the fact that R(1) = B(1), and that
f(0, 0) = 0 from the zeroth order condition. The lat-
ter condition is another statement for the fact that the
arbitrary Lagrangian function does not include a cosmo-
logical constant.
We proceed following [51] and we define an effective
mass by considering the trace of the first-order equation.
This is also similar to the f(R) gravity case. However,
our effective mass is different to that of Ref. [51]. Indeed,
by taking the trace
fT (0, 0)R
(1) + 3fBB(0, 0)R
(1) = 0, (79)
we identify the effective massm by bringing the equation
in the form
(
−m2)R(1) = 0, which turns out to be
m2 ≡ − fT (0, 0)
3fBB(0, 0)
. (80)
We remark that in the |m2| → ∞ limit (for instance when
fBB(0, 0) = 0 and fT (0, 0) 6= 0), the equation reduces to
that of GR. Since it is known that f(T ) gravity yields
no further gravitational wave modes [50], as we verified
in the previous section, this special condition leads to a
broader class of theories in which at first order yield the
gravitational wave solutions.
In the case where fBB(0, 0) 6= 0 we can follow the
procedure of f(R) gravity [60–64] (note that f(R) is a
particular subclass of f(T,B) gravity, namely f(−T+B)
gravity). Firstly, we introduce the tensor h¯
(1)
µν to be
h(1)µν = h¯
(1)
µν −
1
2
h¯(1)ηµν +
fBB(0, 0)
fT (0, 0)
ηµνR
(1), (81)
where h¯(1) represents the trace of h¯
(1)
µν . Similarly to
the previous section we consider the non-trivial case of
fT (0, 0) 6= 0 (otherwise GR cannot be obtained at any
limit). This simplifies Eq. (78) to
∂ρ∂ν h¯
(1)
ρµ + ∂
ρ∂µh¯
(1)
νρ − ηµν∂ρ∂αh¯(1)ρα −h¯(1)µν = 0. (82)
As shown in [60], it is possible to consider the Lorenz
gauge condition ∂µh¯
(1)
µν = 0, which simplifies the wave
equation to
h¯(1)µν = 0, (83)
as well as the traceless condition h¯(1) = 0. This allows
for the solution
h¯(1)µν = Aµν exp (ikρx
ρ) , (84)
where kρ is the four-wavevector, Aµν are constant coef-
ficients, kρk
ρ = 0, kµAµν = 0 and A
µ
µ = 0. The last
conditions are the Lorenz gauge and traceless conditions
respectively. On the other hand, the solution for (79) is
R(1) = F exp (ipµx
µ) , (85)
where F is a constant and pµ is another four-wavevector
such that pµp
µ = −m2. Hence, the full solution for h(1)µν
is constructed as
h(1)µν = Aµν exp (ikρx
ρ) +
fBB(0, 0)
fT (0, 0)
ηµνF exp (ipµx
µ) .
(86)
Note that from (78),(79), the Ricci tensor is found to be
R(1)µν =
1
6
ηµνR
(1) − fBB(0, 0)
fT (0, 0)
∂µ∂νR
(1), (87)
from which the solution of the Ricci scalar (85) simplifies
to
R(1)µν =
(
1
6
ηµν − 1
3m2
pµpν
)
R(1). (88)
Hence, it is trivial to verify that taking the trace yields
a consistent relation for the Ricci scalar, as expected.
We proceed by analyzing the polarization states of the
gravitational waves. As usual we consider the geodesic
deviation as in Ref. [60]. We remark that although in
teleparallel theories the particle motion is not described
in terms of geodesics, mathematically one may still use
the geodesic deviation formula, having in mind that all
curvature quantities should obviously be calculated using
the Levi-Civita connection [54] (for instance see [65] for
9the geodesic deviation in f(T ) gravity). Hence, we start
from the geodesic deviation formula [66]
x¨i = −Ri0j0xj , (89)
where dots represent coordinate time derivatives, Rµνλρ
is the Riemann tensor calculated with the Levi-Civita
connection, (t, x, y, z) = (0, 1, 2, 3), i = {1, 2, 3} and
xj = (x, y, z). Moreover, we consider the signature
(+,−,−,−), and for simplicity we assume that the wave
propagates in the z-direction.
From the perturbation analysis presented above, we
find that
Ri0j0 =
1
2
k20h¯
(1)
ij −
1
6m2
[
ηijp
2
0R
(1) + pipjR
(1)
]
. (90)
Therefore, the geodesic deviation becomes
x¨ =
[
1
2
k20h¯
(1)
+ +
1
6m2
p20R
(1)
]
x+
1
2
k20h¯
(1)
× y, (91)
y¨ =
[
−1
2
k20 h¯
(1)
+ +
1
6m2
p20R
(1)
]
y +
1
2
k20h¯
(1)
× x, (92)
z¨ =
1
6m2
(
p20 − p23
)
R(1)z = −1
6
R(1)z, (93)
where in the last equation we have used that pµp
µ =
−m2. Additionally, since the wave propagates in the z-
direction, we have used and defined h¯
(1)
11 = −h¯(1)22 ≡ h¯(1)+
and h¯
(1)
12 = h¯
(1)
21 ≡ h¯(1)× , which represent the massless +
and × polarizations.
As we observe, in the TEGR limit, namely at |m2| →
∞ and R(1) → 0, the remaining modes are the + and ×
polarizations as expected. However, in the case |m2| <∞
we find the presence of the longitudinal and breathing
modes in the geodesic deviation equations. This is one of
the main results of the present work, namely that f(T,B)
gravity, in the case where f(T,B) 6= f(T ), does have fur-
ther polarization modes at first-order perturbation, in
contrast to the case of f(T ) gravity. The reason for this
behavior is the fact that although the first-order pertur-
bation does not have any effect on T , it does affect the
boundary term B.
B. Tetrad Solutions for GWs in f(T,B) gravity
In the previous subsection we analyzed the gravita-
tional waves in f(T,B) gravity from the metric pertur-
bation side. We now proceed to their examination from
the tetrad perturbation side. In order to do this we start
from the perturbed tetrad (70) and we insert it into the
tetrad form of the f(T,B) field equations, namely into
Eq. (12). Neglecting the matter sector, order by order
we obtain
δµaf
(0) = 0, (94)
δµaf
(1)
B − δνa∂µ∂νf (1)B +
1
2
B(1)f
(0)
B δ
µ
a
+ 2∂νS
(1)νµ
a f
(0)
T −
1
2
δµaf
(1) = 0. (95)
As before, the zeroth-order condition is a verification
that there is no cosmological constant present, i.e. that
the perturbation is performed around Minkowski back-
ground. In order to simplify the first-order equation we
remark that f (1) = f
(0)
B B
(1) and f
(1)
B = f
(0)
BBB
(1), and as
usual we consider the non-trivial case f
(0)
T 6= 0. There-
fore, Eq. (95) reduces to
∂νS
(1)νµ
a +
f
(0)
BB
2f
(0)
T
[
δµaB
(1) − δνa∂µ∂νB(1)
]
= 0. (96)
Due to the introduction of the B(1) terms in the above
equation, the traceless and Lorenz conditions used for
the simple case of f(T ) gravity in subsection III A need
to be modified to accommodate a more suitable gauge
choice. From the metric approach of the previous sub-
section we instead have the “trace-reversed” metric h¯µν
in (81), which satisfies the traceless and Lorenz gauge
conditions h¯ = 0, and ∂µh¯µν = 0. Therefore, the “trace-
less” condition becomes
δνb γ
(1)b
ν =
2f
(0)
BBB
(1)
f
(0)
T
, (97)
whilst the “Lorenz condition” reads as
ηab
(
∂aγ(1)bν + δ
b
ν∂
µγ(1)aµ
)
=
f
(0)
BB∂νB
(1)
f
(0)
T
. (98)
In this way, the field equations simplify to
Aµa ≡ ηµαηabγ(1)bα + δµb δρaγ(1)bρ − δµa
f
(0)
BBB
(1)
f
(0)
T
= 0,
(99)
which yields the following system of field equations
A00 : 
(
γ
(1)0
0 −
f
(0)
BBB
(1)
2f
(0)
T
)
= 0, (100)
A0i = −Ai0 : 
(
γ
(1)0
i − γ(1)i0
)
= 0, (101)
Aij (i 6= j) : 
(
γ
(1)j
i + γ
(1)i
j
)
= 0, (102)
Aim (i = m) : 
(
γ
(1)i
i −
f
(0)
BBB
(1)
2f
(0)
T
)
= 0, (103)
where ηµν = diag (−1, 1, 1, 1) and i, j = {1, 2, 3}. More-
over, since we are working in the Minkowski metric Carte-
sian coordinate system, the indices {0, 1, 2, 3} correspond
to {t, x, y, z} respectively.
The above equations are standard wave equations, and
thus we assume a plane-wave solution by working in
Fourier space. Without loss of generality, we shall as-
sume that the waves propagate in the z-direction. Hence,
the solution for the perturbed tetrad is
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γ
(1)a
µ =

A exp(ikµx
µ) +
f
(0)
BBB
(1)
2f
(0)
T
γ
(1)1
0 γ
(1)2
0 γ
(1)3
0
B1 exp(ikµx
µ) + γ
(1)1
0 D exp(ikµx
µ) +
f
(0)
BBB
(1)
2f
(0)
T
γ
(1)2
1 γ
(1)3
1
B2 exp(ikµx
µ) + γ
(1)2
0 C exp(ikµx
µ)− γ(1)21 −D exp(ikµxµ) +
f
(0)
BBB
(1)
2f
(0)
T
γ
(1)3
2
γ
(1)3
0 − 2A exp(ikµxµ) B1 exp(ikµxµ)− γ(1)31 B2 exp(ikµxµ)− γ(1)32 −A exp(ikµxµ) +
f
(0)
BBB
(1)
2f
(0)
T

.
(104)
Here, the γ
(1)j
i are undetermined tetrad components, not
constrained by the equations, A,B1,2, C and D are con-
stants, and kµ is the wave-vector such that kµk
µ = 0.
As we observe, in the f
(0)
BB → 0 limit the first-order
perturbed equation (99) reduces to that of GR and f(T )
gravity, and hence the tetrad solution should describe
the same solution. Comparing with the tetrad solution
obtained in the case of simple f(T ) gravity, namely so-
lution (36), we deduce that this is obtained by setting
A = B1,2 = 0, implying that these constants reflect
the transverse property of the h+ ≡ 2D exp(ikµxµ) and
h× ≡ C exp(ikµxµ) polarizations and hence can be re-
moved. This can also be identified from the metric tensor
solution corresponding to (104), namely
h(1)µν =

−2A exp(ikµxµ)− f
(0)
BBB
(1)
f
(0)
T
B1 exp(ikµx
µ) B2 exp(ikµx
µ) −2A exp(ikµxµ)
B1 exp(ikµx
µ) h+ +
f
(0)
BBB
(1)
f
(0)
T
h× B1 exp(ikµx
µ)
B2 exp(ikµx
µ) h× −h+ + f
(0)
BBB
(1)
f
(0)
T
B2 exp(ikµx
µ)
−2A exp(ikµxµ) B1 exp(ikµxµ) B2 exp(ikµxµ) −2A exp(ikµxµ) + f
(0)
BBB
(1)
f
(0)
T

, (105)
which in the A,B1,2, f
(0)
BB → 0 limit reduces to the stan-
dard perturbed metric solution for waves traveling in the
z-direction.
C. GWs in f(T, B) gravity in the presence of a
cosmological constant
In the previous subsection we investigated the gravi-
tational waves in f(T,B) gravity through a perturbation
around a Minkowski background in vacuum, i.e. in the
absence of a cosmological constant in the form of f(T,B).
In the present subsection we examine the contribution of
a cosmological constant to the gravitational waves fol-
lowing the procedure of [67, 68]. Implications of the cos-
mological constant onto gravitational waves (for instance
quadropole contributions and effects during the cosmo-
logical history), in the case of other scenarios, have been
investigated in [69–73].
Let Λ denote the cosmological constant. Similarly to
the previous analysis we shall again consider a linearized
gravity approach, however, since the cosmological con-
stant also affects the background metric, the perturba-
tions will not be performed around a Minkowski back-
ground but around a background that incorporates the
contributions of Λ. This is achieved through
gµν = h
(0)
µν + h
(1)
µν +O
(
h(2)µν
)
, (106)
where |h(i)µν | << 1, and
h(0)µν = ηµν + Λh
(0)Λ
µν +O
(
Λ2
)
, (107)
h(1)µν = h
(1)GW
µν + Λh
(1)GWΛ
µν +O
(
Λ2
)
, (108)
where h
(0)Λ
µν refers to the first-order contribution of Λ
to the background metric, h
(1)GW
µν is the gravitational
wave perturbation without the effect of Λ, and h
(1)GWΛ
µν
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is the contribution of the cosmological constant to the
gravitational wave perturbation. Correspondingly, the
tetrad perturbation can be constructed as
eaµ = γ
(0)a
µ + γ
(1)a
µ +O
(
γ(2)aµ
)
, (109)
where |γ(i)aµ | << 1, and
γ(0)aµ = δ
a
µ + Λγ
(0,Λ)a
µ +O(Λ2), (110)
γ(1)aµ = γ
(1,GW)a
µ + Λγ
(1,GWΛ)a
µ +O(Λ2), (111)
where γ
(0,Λ)a
µ refers to the first-order contribution of Λ to
the background tetrad, γ
(1,GW)a
µ is the gravitational wave
perturbation without the effect of Λ, and γ
(1,GWΛ)a
µ is the
contribution of the cosmological constant to the gravita-
tional wave perturbation. Therefore, the metric pertur-
bations are related to the tetrad perturbations through
h(0)Λµν = ηab
(
δaµγ
(0,Λ)b
ν + γ
(0,Λ)a
µ δ
b
ν
)
, (112)
h(1)GWµν = ηab
(
δaµγ
(1,GW)b
ν + γ
(1,GW)a
ν δ
b
µ
)
, (113)
h(1)GWΛµν = ηab
(
δaµγ
(1,GWΛ)b
ν + 2γ
(1,GW)a
µ γ
(0,Λ)b
ν
+ γ(1,GWΛ)aµ δ
b
ν
)
. (114)
To facilitate the perturbation analysis, we again assume
that the function f(T,B) is Taylor expandable about T =
B = 0, namely
f(T,B) = f(0, 0) + fT (0, 0)T + fB(0, 0)B
+
1
2!
fTT (0, 0)T
2 +
1
2!
fBB(0, 0)B
2
+ fTB(0, 0)TB + · · · . (115)
Hence, we can identify f(0, 0) ≡ 2Λ, since this term be-
haves as a cosmological constant, which can be seen when
it is substituted in the equations of motion or in the ac-
tion. The choice of this value is in order to ease the
comparisons with the cosmological constant present in
GR.
Inserting the above into the field equations (13) and
neglecting the matter sector, for the zeroth-order pertur-
bation equation we obtain
−f (0)T G(0)µν+
1
2
h(0)µν
(
f
(0)
B B
(0)+f
(0)
T T
(0)−f (0)
)
= 0, (116)
which when expanded over Λ order yields
fT (0, 0)G
(0)Λ
µν +
1
2
ηµνf(0, 0) = 0, (117)
where the superscript Λ refers to the cosmological con-
stant contribution of the function (from here onwards,
this shall be assumed for all symbols). Taking the trace
yields
fT (0, 0)R
(0)Λ = 2f(0, 0). (118)
In the case of TEGR with cosmological constant, i.e. for
f(T,B) = T + 2Λ, the above expression yields precisely
the standard result for GR with a cosmological constant,
namely R = 4Λ. Note that the first derivative fT (0, 0)
rescales this value of the Ricci scalar.
Additionally, the first-order perturbation becomes
− f (0)T G(1)µν − f (1)T G(0)µν +
[
h(0)µν
(0) −∇(0)µ ∇(0)ν
]
f
(1)
B
+
1
2
h(0)µν
[
f
(0)
B B
(1) + f
(1)
B B
(0) + f
(0)
T T
(1) + f
(1)
T T
(0) − f (1)
]
+
1
2
h(1)µν
[
f
(0)
B B
(0) + f
(0)
T T
(0) − f (0)
]
+ 2S(0)αν µ∂α
(
f
(1)
T + f
(1)
B
)
+ 2S(1)αν µ∂α
(
f
(0)
T + f
(0)
B
)
= 0.
(119)
Expanding over Λ order yields
fT (0, 0)−G(1)GW
+ fBB(0, 0)
(
ηµν
(0)BG − ∂µ∂ν
)
B(1)GW = 0, (120)
and
− fT (0, 0)G(1)GWΛ −G(1)GWfTB(0, 0)B(0)Λ
− fTB(0, 0)B(1) GWG(0)Λµν
+ fBB(0, 0)
[
h(0)Λµν 
(0)BG + ηµν
(0)Λ −∇(0)Λµ ∂ν
]
B(1)GW
+
(
ηµν
(0)−∂µ∂ν
)[
fBB(0,0)B
(1) GWΛ+fTB(0,0)T
(1)GWΛ
]
+
1
2
ηµνfBB(0, 0)B
(0)ΛB(1)GW − 1
2
h(1)GWµν f(0, 0)
+ 2 [fTB(0, 0) + fBB(0, 0)]S
(0,Λ)α
ν µ∂αB
(1)GW
+ 2 [fTB(0, 0) + fBB(0, 0)]S
(1,GW)α
ν µ∂αB
(0)Λ = 0,
(121)
where the superscript BG refers to the Minkowski metric
contribution. It is clear that Eq. (120) is exactly the
same with (78) (recalling that R(1) = B(1)). On the
other hand, Eq. (121) describes the relation between
the standard gravitational waves and the cosmological
constant contribution to them, which is the main result
of the present subsection.
Finally, it is interesting to note that for the case of sim-
ple f(T ) gravity, namely for f(T,B) = f(T ), equations
(120) and (121) reduce to
fT (0)G
(1)GW = 0, (122)
fT (0)G
(1)GWΛ +
1
2
h(1)GWµν f(0) = 0. (123)
Thus, for f(T ) gravity at first order, the effect of the
cosmological constant on the gravitational waves is also
affected by the value of fT (0), as was also found in [52].
Lastly, in the case of TEGR these equations match iden-
tically to those of GR, as expected.
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V. GRAVITATIONAL WAVES IN f(T, TG)
GRAVITY
In this section we proceed to the investigation of the
gravitational waves in another class of modified teleparal-
lel gravity, namely f(T, TG) gravity, in which one uses in
the Lagrangian the teleparallel equivalent of the Gauss-
Bonnet combination TG. In particular, in curvature-
based modified gravity one may add in the Lagrangian
functions of the higher-order Gauss-Bonnet invariant, de-
fined as
G = RµνλσR
µνλσ − 4RµνRµν +R2, (124)
and construct f(R,G) theories [6, 7]. Correspondingly,
one can construct its teleparallel equivalent TG, which
reads as [34]
TG =
(
KαγβK
γλ
ρK
µ
ǫσK
ǫν
ϕ − 2KαλβKµγρKγǫσKǫνϕ
+ 2KαλβK
µ
γρK
γν
ǫK
ǫ
σϕ + 2K
αλ
βK
µ
γρK
γν
σ,ϕ
)
δβρσϕαλµν ,
(125)
and use it the Lagrangian, resulting to the so-called
f(T, TG) gravity. The field equations of f(T, TG) gravity
write as [34, 35]
2
(
H [ac]b +H [ba]c −H [cb]a
)
,c
+ 2
(
H [ac]b +H [ba]c −H [cb]a
)
Cddc
+
(
2H [ac]d +Hdca
)
Cbcd
+ 4H [db]cC
a
(dc) + T
a
cdH
cdb − hab
+ (f − TfT − TGfTG) ηab = 0, (126)
where
Habc = fT
(
ηacKbdd −Kbca
)
+ ǫcprtǫakdf
[(
fTGK
bk
pK
df
r
)
,t
+ fTGC
q
ptK
bk
[qK
df
r]
]
+ fTG
[
ǫcprt
(
2ǫadkfK
bk
pK
d
qr + ǫqdkfK
ak
pK
bd
r + ǫ
ab
kfK
k
dpK
d
qr
)
Kqft
+ ǫcprtǫabkdK
fd
p
(
Kkfr,t −
1
2
KkfqC
q
tr
)
+ ǫcprtǫakdfK
df
p
(
Kbkr,t −
1
2
KbkqC
q
tr
)]
, (127)
Ccab = E
µ
a E
ν
b
(
ecµ,ν − ecν,µ
)
, (128)
hab = fT ǫ
a
kcdǫ
bpqdKkfpK
fc
q. (129)
Note that for the purpose of the gravitation wave investi-
gation, the stress-energy contribution has been neglected.
In order to analyze the gravitational waves in this
theory, we again consider the linear perturbations in
the metric and in the tetrad around a Minkowski back-
ground, namely expressions (69) and (70) respectively.
From the definition of TG we deduce that is at least a
fourth-order quantity in the tetrad perturbation. Fur-
thermore, for simplicity we assume that f(T, TG) is Tay-
lor expandable around T = TG = 0. Therefore, the re-
sulting zeroth and first-order perturbation equations are
ηabf(0, 0) = 0, (130)(
H(1)[ac]b +H(1)[ba]c −H(1)[cb]a
)
,c
= 0. (131)
Similarly to the previous discussion, the zeroth-order
equation implies that no cosmological constant is present
in the theory, which is consistent to the fact that the per-
turbations are performed around Minkowski background.
From the definition of Habc we remark that
H(1)abc = fT (0, 0)
(
ηacK
(1)bd
d
−K(1)bca
)
. (132)
Substituting in the first-order equation (131) yields
fT (0, 0)
[
ηabK
(1)cd
d
− ηacK(1)bd
d
+K(1)bca
]
,c
= fT (0, 0)∂cS
(1)abc = 0, (133)
where the definition of the superpotential (6) has been
used. Interestingly enough, for the non-trivial case
fT (0, 0) 6= 0 (otherwise GR cannot be obtained at any
limit) Eq. (133) coincides with Eq. (21) obtained in the
case of simple f(T ) gravity (note that changing coordi-
nate to tangent-space indices involves only the zeroth-
order part of the tetrad which is just the Kronecker
delta). Hence, we deduce that at first-order perturba-
tion level, the gravitational waves behave in the same
way in f(T ) and f(T, TG) gravities, and thus the previ-
ously obtained result that no further polarization modes
comparing to GR are obtained at this order holds for
f(T, TG) gravity too. This result was expected, since TG
is a higher-order torsion invariant and therefore its effect
switches on at higher perturbation orders.
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VI. CONCLUSIONS
In this work we investigated the gravitational waves
and their properties, in various modified teleparallel the-
ories, such as f(T ), f(T,B) and f(T, TG) gravities, by
utilizing the perturbed equations. Furthermore, we per-
formed the analysis in both the metric and tetrad lan-
guage, in order to reveal the properties of the formalism.
Additionally, we performed the perturbations around a
Minkowski background, case which is obtained in the ab-
sence of a cosmological constant, but also in the case
where the presence of a cosmological constant changes
the background around which the perturbations are re-
alized. Finally, in the case of usual f(T ) gravity we per-
formed the analysis both for the standard formulation of
zero spin connection, as well as for the most general and
fully covariant case of a non-zero spin connection.
For the case of simple f(T ) gravity we verified the re-
sult that no further polarization modes comparing to GR
are present at first-order perturbation level, since the tor-
sion scalar (which is quadratic in the torsion tensor) does
not acquire any perturbative contribution at this level.
Hence, as we showed, in order to see the effect of f(T )
gravity on the gravitational waves themselves one should
look at third-order perturbations, in which a deviation
from GR is obtained due the contribution from the fTT
component. Nevertheless, we mention that this is the
effect on the “internal” properties of the gravitational
waves, such as their polarization modes, since in general
the effect of f(T ) gravity on the cosmological gravita-
tional wave propagation can be seen straightaway from
the dispersion relation at first order, due to the effect of
f(T ) gravity on the cosmological background on which
the gravitational waves propagate [52].
For the case of f(T,B) gravity with f(T,B) 6= f(T ), by
examining the geodesic deviation equations, we showed
that extra polarization modes, namely the longitudinal
and breathing modes, do appear at first-order perturba-
tion level. The reason for this behavior is the fact that
although the first-order perturbation does not have any
effect on T , it does affect the boundary term B. Ad-
ditionally, in the case where a cosmological constant is
present we have extracted the gravitational wave equa-
tions, obtaining the cosmological-constant corrections to
the solutions, which reflect the fact that the background
is not Minkowski anymore.
Finally, we investigated the gravitational waves in
f(T, TG) gravity, which at first-order perturbation level
exhibit the same behavior to those of f(T ) gravity, that
is they do not have extra polarization modes comparing
to GR. This result was expected, since the teleparallel
equivalent of the Gauss-Bonnet term TG is a higher-order
torsion invariant and therefore its effect switches on at
higher perturbation orders.
In summary, as we showed, apart from their difference
from curvature-based gravity, different modified telepar-
allel gravities exhibit different gravitational wave prop-
erties amongst themselves, despite the fact that at first
sight they might look similar theories. Hence, the ad-
vancing gravitational-wave astronomy would help to al-
leviate the degeneracy not only between curvature and
torsional modified gravity, but also between different sub-
classes of modified teleparallel gravities.
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